Looking for a compact semi empirical equation of state for hard spheres:
  possibility of a glassy transition and random loose packing by Bonneville, Richard
Looking for acompact semi empirical equation of state for hard spheres and the 
possibility of a glassy transition 
 
by Richard BONNEVILLE 
Centre National d’Etudes Spatiales (CNES), 2 place Maurice Quentin, 75001 Paris, France 
phone: +33 6 87 60 78 41, mailto:richard.bonneville@cnes.fr 
 
 
Abstract 
The equation of state of a hard sphere fluid at high density should exhibit a simple pole at the 
random close packing limit. Here we show that trying to obtain a compact semi-empirical 
equation of state simultaneously compatible with that asymptotic behaviour and with the 
known virial coefficients raises an analytical difficulty which can be solved if a glassy 
transition occurs in the disordered metastable phase at a density intermediate between the 
freezing point and the random close packing limit. The estimated value for the transition 
point, which is identified with random loose packing, is in good agreement with the available 
data. 
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Introduction 
Numerical simulations [1,2] and analytical methods [3] show that at high density in the 
disordered metastable phase the equation of state of an hard sphere system should evidence a 
simple pole for a value 0ξ  of the reduced density parameter NvVξ =  which is identified with 
the random close packing limit ( V : volume, N : number of particles, v  molecular volume), 
i.e. the asymptotic behavior of the equation of state is 
0
B 0
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Nk T 1 /ξ→ξ
=
− ξ ξ
         (1) 
( P : pressure, Bk : Boltzman constant, T : temperature). 
Speedy [3] has proposed the value A 2.765≅ . 
The precise definition of random close packing has been debated [4,5]; let us simply admit it 
is the “maximally random jammed state” [6]. As determined by experiments [7,8] and 
numerical simulations [9,10] 0ξ  is close to 0.64. Finney [11] has proposed the more precise 
value 0.637, a value close to 2 / pi  but the identification 0 2 /piξ ≡ , although highly tempting, 
has not been proven to date [3,12].  
At lower densities, an approximate equation of state of the liquid phase is for example the 
Carnahan & Starling expression [13] which provides an estimation of the virial coefficients in 
very good agreement with the available numerical data. 
 
A compact semi empirical equation of state 
In a recent paper [14], we had already tried to build a compact semi emirical equation of state 
valid in the whole density range of the disordered phase from 0 to 0ξ , compatible with the 
asymptotic behaviour of equ.(1). The approach is summarized below. 
In order to account for the pole in 0ξ ξ=  that hypothetical equation of state should have the 
following form: 
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Nk T 1 ξ/ξ
= + +
−
        (2) 
We develop 1f (ξ)  as a series of the density 
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The connection between the qa  and the virial coefficients pB  is 
( ) 1q p 0 p-1a b ξ b−= −
          (4) 
with q p 3= −  and p pb B /10= . 
For the virial coefficients we take the numerical results by Clisby & Mc Coy for p 1=  to 
p 10=  [15] and those recently published by Wheatley for p 11=  and p 12=  [16]. 
With the assumption 0 2 /piξ ≡  we obtain the qa  of Table 1, 3rd column. 
It is here that the present paper diverges from [14]. By examining their values, it seems that 
the qa  move toward the sequence of the integers as the index increases; the equation of state 
could thus be written as 
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We assume that the last bracket can be re-summed so that 
( )
5
2 2 3 4
1 2 3 4 2
B 0
PV 1 ξ1 4ξ 10ξ 1 a' ξ a' ξ a' ξ a' ξ ...
Nk T 1 ξ/ξ 1 ξ
  
≅ + + + + + + + −   
−
−  
  (6) 
That equation of state exhibits a single pole for 0ξ = ξ  and a double pole for 1ξ = . Equ.(6) 
can now be expressed as 
( )
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The qa''  are also displayed in Table 1, column 4. It appears that all the qa''  for q 3≥  are 
negative; it is unclear whether for q 3≥  the qa''  show a tendency to decrease or not in 
absolute value, and thus if the sum is really convergent (see Fig.1).  
 
Discussion 
It is easily checked that those results are not strongly dependent on the precise value chosen 
for 0ξ  in the close vicinity of 0.64, and that anyhow the contributions of the terms beyond 
2
2a'' ξ  would remain negative. Actually, the convergence of the virial expansion rather argues 
for an alternate behavior and a decreasing tendency in absolute value of the qa'' ; as a matter of 
fact the accuracy with which the virial coefficients are known decreases with their order: a 
small collective shift, increasing with the order, of the values of the pB  would provide that 
alternate behaviour; some kind of systematic error in the computation of the pB  may be the 
root of the difficulty. 
Assuming that alternate behaviour and neglecting the terms q 4≥ , we postulate an 
approximate equation of state of the form 
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1a''  is determined via the virial coefficient 4B , which can be exactly calculated (
4 18.36476B 8...= ), and 2a''  via the coefficient 5B  whose computed value is the more 
accurately known ( 5B 28.9526≅ ). With 0 2 /piξ ≡ , we obtain 1a'' 1.7343≅ −  and 
2a'' 0.4064≅ + . 3a''  is only estimated from a consideration of Fig.1: 3a'' 0.1≈ − . 
In the low density limit we recover by construction the beginning of the virial expansion. The 
virial coefficients are given by 
( )p+3 p 1 p 1 2 p 2 3 p 3B 10 C a'' C a'' C a'' C− − −= + + +
       (9) 
with p 10 p
0
C
C 1, C p 1
ξ
−
= = + + ; they are displayed in the last column of Table 1. 
In the high density limit, equ.(8) becomes 
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A blunt comparison with equ.(1) would give A 1.07≅  while the expected value is A 2.8≈ . 
That discrepancy can be explained as follows. In ref.[3], we have seen that taking the 
Carnahan & Starling expression as the equation of state of the stable liquid phase and equ.(1) 
as the equation of state of the metastable phase, and then writing the continuity conditions of 
the pressure P(ξ)  and of the compressibility P / ξ∂ ∂  at the freezing point fξ  provides 
satisfactory values for fξ , and for A ; however the second order derivative, i.e. the curvature 
of P(ξ) , is not continuous at ξ f= ξ . On the contrary, our compact, semi-empirical equation 
of state equ.(8), a priori valid in the disordered phase at any density, and all its successive 
derivatives are continuous. 
If we follow the curve of the liquid phase as given by the equation of state equ.(8) beyond the 
freezing point fξ , it meets the curve associated with the asymptotic equation of state as given 
by equ.(1) with A 2.765≅  at a density 1 0.545ξ ≈ . Between fξ  and 1ξ  the system is in a 
metastable liquid phase. But beyond 1ξ  up to 0ξ  it then follows the asymptotic equation of 
state as pressure increases, and no longer equ.(8). Thus in 1ξ = ξ  the pressure is continuous 
but the compressibility is not and that is the signature of the glassy transition pointed out e.g. 
in ref.[1,17]. That transition is actually rather fuzzy and the transition point 1ξ = ξ  can be 
assimilated with the random loose packing density [18,19,20,21], defined as the lower density 
limit of the jammed configurations. The value 1 0.545ξ ≈  of the transition point is in 
reasonably good agreement with previous works. The behaviour of the disordered phase is 
illustrated by Fig. 2.  
 
Conclusion 
Our attempt to obtain a compact semi empirical equation of state for a disordered hard sphere 
system points at the evidence of a glassy transition at a density intermediate between the 
freezing point and the random close packing limit; the transition point can be interpreted as 
random loose packing. 
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Table caption: 
 
Table 1: The known virial coefficients pB  (ref. 14 &15), the coefficients qa , qa''  defined in 
this paper and the calculated virial coefficients. 
 
  
Figure captions: 
 
Fig.1: The coefficients qa''  as function of the index. 
 
Fig.2: Zooming of the 3 equations of state around the glassy transition; lower (dashed) line: 
Carnahan & Starling’s equation of state, upper (dotted/dashed) line: Speedy’s equation of 
state, continuous line: our equation of state equ.(8). 
 
  
Table 1 
 
 
q 
Bq+3 
(ref. 14,15) aq a’’q 
Bq+3 
this work 
0 10 1 1 10 
1 18.3648 0.2657 -1.7343 18.3650 
2 28.2245 -0.0623 0.4064 28.2256 
3 39.8151 -0.4520 -0.0617 39.4356 
4 53.3444 -0.9197 -0.0780 52.7654 
5 68.5375 -1.5256 -0.1381 69.4246 
6 85.8128 -2.1846 -0.0531 91.3139 
7 105.7751 -2.9019 -0.0584 121.4184 
8 127.9263 -3.8225 -0.2032 164.4275 
9 150.9949 -4.9951 -0.2521 227.7071 
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